Violent relaxation process of spherical stellar systems is examined by numerical simulations of shell model. The collapse of uniform density sphere both with and without external force is investigated. It is found that time variation of mean gravitational potential field induced by external force makes the system closer to Lynden-Bell distribution. Our result imply that systems which are gravitationary affected by other systems may approach the Lynden-Bell distribution.
Introduction
Violent relaxation is a mechanism proposed to explain a similarity and smoothness of the observed light distribution of elliptical galaxies. This relaxation process is caused by explicitly time-dependant mean gravitational potential field. Its typical timescale is much shorter than two-body relaxation time and comparable with dynamical time.
According to Lynden-Bell (1967) , it is expected that the coarse-grained entropy of systems becomes maximum through violent relaxation in ideal cases and that Lynden-Bell distribution can be established. The LyndenBell distribution is given bȳ f (ε) = η exp{−β(ε − µ)} 1 + exp{−β(ε − µ)} ,
wheref(ε) is coarse-grained distribution function, ε is energy per unit mass, and η, β, µ are constants. In almost all cases, degeneracy can be neglected (f (ε) ≪ η), so Lynden-Bell distribution is approximated by the Maxwell-
where A = η exp(βµ) = constant. However, in numerical simulations so far of one dimensional gravitational N-body systems (sheet systems), they did not reach Lynden-bell distribution through violent relaxation Hohl and Campbell 1968; Goldstein et al. 1969; Yamashiro et al. 1992) . It remains unclear why Lynden-Bell distribution cannot be obtained in these simulations. Moreover it has not been fully investigated what distributions are obtained in other gravitational N-body systems (shell systems, particle systems) through violent relaxation.
It is widely believed that the Lynden-Bell distribution is not realized in Nbody simulations (e.g., Funato et al. 1992a Funato et al. ,1992b . One of the reasons is that the fluctuations in the gravitational potential decays before the relaxation process is completed. To investigate if this is true, we add artificial time (and space) varying potentials and see if the Lynden-Bell distribution is established. As a first step, we adopt simple spherical symmetric models since spherical symmetric models are more realistic than sheet models. More realistic models will be studied in subsequent papers.
Numerical Method
In our simulations, shell models (Hénon 1964) are adapted. In spherical symmetric stellar systems, distribution function can be expressed as f (r, u, v, t) , where r the radial distance, u the radial velocity, v the tangential velocity, and t is the time, respectively. So distribution function is represented by N points in (r, u, v) space and each point evolves according to the equations of motion.
where G the gravitational constant, A i = r i v i = constant (with respect to time) is the angular momentum of each shell, M i the mass interior to r i , and φ ex (r, t) is the potential of external force.
We set G = M(total mass)= 1 and N = 10000 . And each shell has the same mass (= 1/N) . The integration is carried out using a leap-frog method.
When we set φ ex (r, t) = 0, we set integration time-step small enough for the maximum error of total energy to be of the order of 0.01% after 100t cr . t cr is the crossing time which is typical timescale for shells to cross typical radius of the system. In our simulations, t cr ∼ 1 in this system of units.
When φ ex (r, t) = 0, we set integration time-step same as the model whose initial condition is common.
Models
We calculate collapses of uniform density sphere whose initial virial ratio is 0.5 and 0.1. In some models external gravitational potential field are added after systems are settled down to study equilibrium states.
Initial densities and velocity distributions are common in all models.
• ρ(r) = const. (0 ≤ r ≤ 2) .
• Both u and v obey isotropic Maxwell distribution.
For simplicity, we assume that both time and spatial dependence of external potential field is sinusoidal. We set φ ex as follows,
In (5) P and λ are parameters. We set external potential to survive for much shorter time than two-body relaxation time which is comparable to Nt cr ( see appendix 1 ). We set typical intensity of external potential comparable to that of inertial potential. In our simulations, we set A=0.5
when initial virial ratio is 0.5, and A=1.36 when initial virial ratio 0.1.
In table 1 the parameters for each models are listed. In this table both P and λ are normalized in the units ofR andt, which are typical lengthscale and time scale of the post collapsed system. In models whose initial virial ratio is 0.5,R = 1.34 andt = 1.53, and in models whose initial virial ratio is 0.1,R = 0.494 andt = 0.345 ( see appendix 2 ). Models are summarized in table 1.
Results
In models A-0 and B-0, the system approached stationary states within a few crossing times and variation of virial ratio and variation of distribution function was damped(figure 1 and figure 2). In figure 2 , the mean value of the virial ratio at the stationary stages is greater than 1.0 (about 1.35) because the existence of shells which have positive energies cannot be negligible. In other models, the systems also approached stationary states within a few crossing time after variation of external potential stopped. In table 2 ratio of mass whose energy is more than zero in stationary states is listed in each model. We derive distribution function from the simulation data as follows. We divide energy space between ε = ε min and ε = 0 into 100 bins, where ε min is the minimum value of the potential energy of the system. Therefor the i-th bin corresponds to the energy range between ε i − ∆ε/2 and ε i + ∆ε/2, where ε i = ε min + (i − 1/2)∆ε and ∆ε = −ε min /100. Then we count the number of shells contained the i-th bin and it is divided by the phase space volume which corresponds to the energy range to get thef(ε i ). Anisotropy of velocity distribution cannot harm this procedure because energy of each shell doesn't depend on the direction of velocity but only on the absolute value. So distribution functions in stationary states are fitted by the form,
where, ρ 1 , σ, Φ 0 are fitting parameters. In figure 3 , figure 4 and figure 5, distribution functions of the best fit King-models are showed by the short dash lines.
Then we define D 2 as follows and use it for the estimation of the deviation from Lynden-Bell distribution.
where,f data is the distribution function from simulation data,f f it is the best fit function of the data in the form of (6), N b is the number of bins (in this paper N b = 100) and n i is the number of shells contained in the i-th bin.
Fluctuations from the finiteness of shell number are proportional to square root of shell number. Therefore, the summation is carried out weighted with n i in the numerator of equation (7).
In table 3, The similar tendency can be seen in almost models whose initial virial ratio is 0.1 (from B-0 to B-1) except B-4 and B-7.
Discussion
We examined the violent relaxation process of spherical stellar systems and the influence on it of time variation of external gravitational potential fields by using shell models. It is found that time variation of the mean potential field mainly caused by external gravitational field makes distribution function closer to Maxwellian. Especially in some models (A1, A4, A7, B8, B9) the deviations from the King model become quite small. Though it is not clear why the deviations are small in these models, it shows that the violent relaxation is quite efficient under some conditions. So, if time variation of mean gravitational potential fields continues for a long enough time, systems can reach Lynden-Bell distribution.
It is rare that no gravitational influence of other galaxies is exercised on galaxies. Especially in galaxies in clusters, this effect plays an important role on their dynamical evolution. Though it is not clear the real gravitational perturbations are how much effective to cause the violent relaxation, there are possibilities that the distribution function of the real elliptical galaxies become close to the King models by the external forces.
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Appendix 1. Estimation of Two-Body Relaxation Time of Shell Systems
We assume that there are N shells which have the same mass of m . Then the mean energy of each shellε is as follows from the Virial theorem.
where G is the gravitational constant andR is a typical radius of the system.
And the mean energy change of each shell in one shell-crossing-event is
Relaxation process can be regarded as one-dimensional random walks in the energy space whose one step-size is equal to |∆ε| . Since the system can be regarded as relaxed when the variance of displacement in the energy space becomes comparable to the square of typical energy of each shell, number of crossing-event required for relaxation, n rel , is calculated as follows.
Then relaxation time of shell systems, t rel , is
wherer =R/N is the mean separation between shells andv is the mean velocity of shells.
Appendix 2. Changes of Length and Time Scale through Collapse
We assume that the initial total mass is M, the initial typical length scale is R 0 , and that the initial velocity dispersion is v 2 0 . Then total kinetic energy, T 0 , total potential energy, W 0 , and virial ratio, V 0 , of initial states are,
where G is the gravitational constant.
When the system reached virial equilibrium after the collapse, we let the typical length scale R, velocity dispersion v 2 , and the total mass M(1 − x), where x is the escape rate of mass. Then total kinetic energy, T , total potential energy, W , and virial ratio, V , of the bounded portion of the system are,
If we let the energy which escaped mass possess ∆E, according to energy conservation law,
then,
where |E 0 | = GM 2 (1 − V r 0 /2)/R 0 is the absolute value of initial total energy of the system, t = R/v is the typical timescale of the system after the system has collapsed, and t 0 = R 0 /v 0 is that of initial state. 9.80 × 10 
